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Abstract—We introduce a transformation of a Neural Radiance
Field (NeRF) to an equivalent Poisson Point Process (PPP).
This PPP transformation allows for rigorous quantification of
uncertainty in NeRFs, in particular, for computing collision
probabilities for a robot navigating through a NeRF environment.
The PPP is a generalization of a probabilistic occupancy grid
to the continuous volume and is fundamental to the volumetric
ray-tracing model underlying radiance fields. Building upon this
PPP representation, we present a chance-constrained trajectory
optimization method for safe robot navigation in NeRFs. Our
method relies on a voxel representation called the Probabilistic
Unsafe Robot Region (PURR) that spatially fuses the chance
constraint with the NeRF model to facilitate fast trajectory
optimization. We then combine a graph-based search with a
spline-based trajectory optimization to yield robot trajectories
through the NeRF that are guaranteed to satisfy a user-specific
collision probability. We validate our chance constrained plan-
ning method through simulations and hardware experiments,
showing superior performance compared to prior works on
trajectory planning in NeRF environments.

Index Terms—Collision Avoidance, Robot Safety, Visual-Based
Navigation, NeRFs

I. INTRODUCTION

Constructing an environment model from onboard sensors,
such as RGB(-D) cameras, lidar, or touch sensors, is a funda-
mental challenge for any autonomous system. Recently, Neural
Radiance Fields (NeRFs) [1] have emerged as a promising 3D
scene representation with potential applications in a variety of
robotics domains including SLAM [2], pose estimation [3],
[4], reinforcement learning [5], and grasping [6]. NeRFs offer
several potential benefits over traditional scene representations:
they can be trained using only monocular RGB images, they
provide a continuous representation of obstacle geometry, and
they are memory-efficient, especially considering the photo-
realistic quality of their renders. Using current implementa-
tions [7], [8], NeRFs can be trained in seconds using only RGB
images captured from monocular cameras, making onboard,
online NeRF training a viable option for robotic systems.

However, NeRFs do not directly give information about spa-
tial occupancy, which poses a challenge in using NeRF models
for safe robot navigation. In other 3D scene representations,
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Fig. 1: (a) Ground-truth of the Stonehenge scene, (b) Poisson
Point Process (PPP) of the scene represented as a point cloud,
(c) Probabilistically Unsafe Robot Region (PURR) of scene,
(d) Generated safe paths from our method (CATNIPS).

such as (watertight) triangle meshes [9], occupancy grids [10],
or Signed Distance Fields (SDFs) [11], occupancy is well-
defined and simple to query. NeRFs, however, do not admit
simple point-wise occupancy queries, since they represent the
scene geometry implicitly through a continuous volumetric
density field. For this reason, integrating NeRF models into
robotic planners with mathematical safety guarantees remains
an open problem.

To this end, we develop a framework for robot trajectory
planning that can generate trajectories through a NeRF scene
with probabilistic safety guarantees. To do this, we propose
a mathematical transformation of a NeRF to a Poisson Point
Process (PPP), which allows for the rigorous computation of
collision probabilities for a robot moving through a NeRF
scene. We further introduce a novel scene representation, a
Probabilistically Unsafe Robot Region (PURR), that convolves
the robot geometry with the NeRF to yield a 3D map of
all robot positions with collision probabilities less than a
user-specified threshold. Finally, we propose a fast, chance-
constrained trajectory planner that uses the PURR to ensure
the trajectories are collision free up to the user-specified



probability threshold. Our method, called CATNIPS, can com-
pute probabilistically safe trajectories at more than 3 Hz.
This is many times faster than existing NeRF-based trajectory
planners that provide no safety guarantees [12].

The key theoretical advance underpinning our results is the
novel transformation of the NeRF into a PPP. Existing works
on radiance fields either ignore the underlying probabilistic
interpretation of the field or treat it as a nuisance. A naive
approach is to convert the NeRF representation into a more
traditional deterministic mesh or occupancy representation. We
argue that such conversions are computationally slow, and they
destroy any potential mathematical safety guarantees for a
downstream planner. For example, generating a triangle mesh
(e.g., using marching cubes [13]) that represents a level set of
the density field requires the arbitrary selection of a density
cutoff value, and collapses the uncertainty represented by the
density field into a binary occupancy measure. In contrast,
our method computes rigorous collision probabilities using the
NeRF density directly.

We provide simulation studies to show that our planner gen-
erates safe, but not overly-conservative, trajectories through
the environment. We contrast our paths to those generated
using a level-set based environment representation and those
from prior work [12]. We find that the paths our method
generates are more intuitive and easier to tune than these
baselines, as collision is interpretably defined through violation
of a collision probability as opposed to violation of an arbitrary
level set of the density. We show our method to be real-time,
replanning online at 3 Hz on a laptop computer, compared
to the gradient descent-based planner proposed in [12], which
requires approximately 2 seconds for replanning.

The rest of this paper is organized as follows. In Section II
we discuss related work. In Section III we review background
concepts from NeRFs, and in Section IV we derive the Poisson
Point Process interpretation of the NeRF. In Section V we
compute collision probabilities for a robot in a NeRF environ-
ment, and in Section VI we present our trajectory planning
algorithm, CATNIPS. Section VII gives our simulation results
and Conclusions are in Section VIII.

II. RELATED WORK

Here we review the related literature in robot planning and
control with NeRF representations, compare it with planning
in a Signed Distance Function (SDF) representation, discuss
other uses of NeRFs in robotics, and summarize chance-
constrained planning.

A. Planning and Control with Onboard Sensing and SDFs

Planning and control based on onboard sensing has already
yielded a large amount of literature. Typically these works
present reactive control schemes [14], using the sensed depth
directly to perform collision checking in real-time. These
methods typically are myopic, reasoning only locally about
the scene. An alternate approach is to construct a map of the
environment using the depth measurements. Often a Signed
Distance Field (SDF) is constructed from depth data [15],
[16], which in this work is encoded within voxels. [16]

also integrates their system onboard a quadrotor to validate
their method. Such a representation is typical in dynamic
robotic motion planning, providing fast collision checking and
gradients in planning.

We believe NeRF is a promising alternative to more familiar
3D geometry representations like SDFs due to some key
NeRF properties. We show that the NeRF inherently encodes
uncertainty in the environment, whereas SDFs are typically
deterministic. Moreover, we find that deep network SDFs are
difficult to train, often requiring synthetic training points with
heuristically generated, error-prone depth labels. In contrast,
NeRFs can be supervised directly from RGB images, and can
be trained reliably and quickly with NeRF training packages
such as [8]. The modularity of NeRFs in perception pipelines,
especially those involving visual data, is another benefit of
NeRFs. However, this is not to say that the two cannot co-
exist. There exists in the literature deep learning architectures
that simultaneously learn SDF and NeRF outputs based on
empirical consistency between the two (e.g., NeuS [17]). We
hope that our probabilistic interpretation of NeRFs can help
bridge the gap between these two representations and enable
future pipelines to access advantages of both representations.

B. Planning and Control using NeRFs

Safety has been a largely unexplored topic in the NeRF
literature, with only preliminary approaches being studied
in simulation. The authors’ previous work NeRF-Nav [12]
presents a planner that avoids collisions in a NeRF envi-
ronment model by avoiding high-density areas in the scene.
An alternative work [18] instead uses the predicted depth
map at sampled poses to enforce step-wise safety using a
control barrier function. The two methods are not at odds,
as the philosophy of [12] serves as a high-level planner that
encourages non-myoptic behavior while [18] can be used as
a safety filter for a myopic low-level controller interfacing
directly with the system dynamics.

More specifically, NeRF-Nav [12] adapts trajectory opti-
mization tools to plan trajectories for a robot through a NeRF
environment. Collisions are discouraged with a penalty in the
trajectory cost, but the probability of collision is not quantified
or directly constrained. In this work, we instead rigorously
quantify collision probabilities for a robot in a NeRF, and
develop a trajectory planning method to satisfy user-defined
chance constraints on collision. In addition, NeRF-Nav re-
quires about 2 seconds for each online trajectory re-solve,
while our proposed method requires about 0:3 seconds per
online trajectory re-solve on similar computing hardware.

C. Other Uses of NeRFs in Robotics

Some works have considered NeRFs as a 3D scene repre-
sentation for robotic grasping and manipulation. For example,
Dex-NeRF [6] uses NeRF-rendered depth images to obtain
higher-quality grasps for a robot manipulator than using a
depth camera. Similarly, one can use dense object descriptors
supervised with a NeRF model for robot grasping [4].

Some works have also considered SLAM and mapping
using a NeRF map representation. The papers [2], [3] use the



photometric error between rendered and observed images to si-
multaneously optimize the NeRF weights and the robot/camera
poses. The approach in [19] uses a grid-interpolation-decoder
NeRF architecture in a similar SLAM pipeline. The work
[20] proposes a combination of an existing visual odometry
pipeline for camera trajectory estimation together with online
NeRF training for the 3D scene. NeRFs have also been used
for tracking the pose of a robot using an on-board camera
and IMU. For example, iNeRF [3] finds a single camera
pose from a single image and a pre-trained NeRF model,
and [12] proposes a nonlinear optimization-based filter for
tracking a trajectory of an on-board camera using a sequence
of images and a pre-trained NeRF. Loc-NeRF [21] approaches
a similar problem using a particle filter instead of a nonlinear
optimization-based filter.

Other papers have considered active view planning for
NeRFs. ActiveNeRF [22] treats the radiance value of the
NeRF as Gaussian distributed random variables, and performs
Bayesian filtering to find the next best view. An alternative
work [23] uses disagreement among an ensemble of NeRFs
to choose the next best camera view. Similarly, [24] uses
ensembles in a next best view strategy while also adding ray-
termination densities to the information gain metric. S-NeRF
[25] uses variational inference to train a probability distribu-
tion over NeRFs for next best view selection. ActiveRMAP
[26] considers a full informative trajectory planning pipeline
for a robot moving through a NeRF. In contrast to our work
here, they do not focus on the safety of the trajectories or
on quantifying collision probabilities. Perhaps the closest in
spirit in terms of modelling uncertainty is Bayes’ Rays [27],
which reasons locally about epistemic uncertainty (i.e. the
distribution over NeRF parameters) and differs from our work
that pins down the distribution that the NeRF model represents.
However, we envision future efforts that incorporate both
works to fully explain geometric uncertainty conditioned on
RGB data.

Of course, many of these works would not be applicable
to robotics if they were not real-time. Massive performance
gains have been made to train NeRFs in real-time [7], [28],
[29]. Moreover, NeRFs must be able to capture reality as well.
They are known to suffer in quality when reconstructing rich,
real environments over a large range of length scales. Attempts
have been made to fix this issue by extrapolating over the
entire camera frustum rather than a ray [30], [31].

D. Chance-constrained Planning

Outside of NeRFs, there exists a large literature on trajectory
planning for robots that seeks to impose constraints on the
probability of collision when the underlying scene geometry
is unknown; this approach is known as chance-constrained
planning. The robot state is typically modeled as stochastic,
while the map is typically considered to be known deter-
ministically. Some works do consider uncertainty in both the
map and the robot state, but they typically rely on a linear
system or Gaussian noise assumption to make computation
convex or analytical and efficient to solve. Du Toit and
Burdick [32] assume Gaussian-distributed obstacle states, and

approximates the collision probability as constant over the
robot body (suitable only for small robots). Blackmore et al.
[33] encode the probability of collision with faces of polytopic
obstacles as a linear constraint, but the resulting trajectory
optimization is a combinatorial problem, making it difficult
to solve quickly. Zhu and Alonso-Mora [34] incorporate this
linear probabilistic constraint into RRT. Luders et al. [35]
again use this linear constraint in an MPC framework with
nonlinear dynamics, executed on real hardware with dynamic
obstacles and extended to a multi-agent context. None of these
methods consider NeRF environment models, which is our
focus here.

III. NEURAL RADIANCE FIELDS (NERFS)

In this section, we introduce the mathematical preliminaries
and notation used in NeRFs. For clarity, we use bold face for
vector variables and functions that output vectors, and non-
bold text for scalar variables, functions that output scalars,
and—in some instances—rotations.

A NeRF is a neural network that stores a density and
color field over the 3D environment. When coupled with a
differentiable image rendering model (usually a differentiable
version of ray tracing), the NeRF can be trained from a
collection of RGB images with known camera poses, and
can generate photo-realistic synthetic images rendered from
camera view points that are different from the training images.

More specifically, the NeRF is a pair of functions
( (p);c(p;d)). The density function, : R® @ R o, maps
a 3D location p = (X;Y;Z) to a non-negative density value

that encodes the differential probability of a light ray
stopping at that point.! The radiance (i.e., RGB color) function
c:R® R? 7@ R® maps a 3D location p = (X;y;z) and
camera view direction d 2 fx 2 R3 j jjxjj = 19 (alternatively
parameterized as a 2D vector of angles ( ; )) to an emitted
RGB color C represented as a vector in R3. In this paper, we
focus specifically on the density function (p) as a proxy for
occupancy, which should ideally be zero in free space and take
on large values in occupied space. We use this (p) function
as a map representation for planning robot trajectories. We
also define C(0;d) 2 [0;1]® as the rendered pixel color
in an image when taking the expected color value from the
NeRF along a ray r(t; 0;d) with camera origin 0 and pixel
orientation d, where r(t) = o +t d. The rendered color is
given by

z t
C(o;d) =

1
(r@) e o O c(reid)dt (1)
th

where we only integrate points along the ray between t, and
ts (i.e. the near and far planes). In practice, this integral
is evaluated numerically using Monte Carlo integration with
stratified sampling. The resulting rendering equation (1) is
differentiable.

I'This density field can be stored entirely as a multi-layer perceptron (MLP),
as in the original NeRF work [1], as a function interpolated on a discrete voxel
grid [28], or using a combination of interpolated voxel features and an MLP
decoder [7], [29]. Our method can work with any of these representations.



A rendered image l; is then an array of pixel colors
associated with a single camera pose, where the color of pixel
J in image I; is given by C(0j;d;jj) with associated origin
0; (determined by the camera) and direction djj computed
with an angular offset from the camera optical axis for pixel
J. We denote the set of pixel indices for image Ij as 1j. The
corresponding ground truth image |; is an array of pixels with
colors Cjj. A dataset D for training a NeRF consists of a
collection of such ground truth images with known poses.
The parameters of the NeRF are trained by minimizing the
loss function

<1

1
- jiC(0i;djj; 0)
IDJ iop il 21

Cijliz; @
where 0 are the parameters of the neural networks representing
the density and radiance fields and c, which appear in
the computation of the pixel color C(0j; djj; @) through the
rendering equation (1). This mean squared error is called the
photometric error (or photomoetric loss) and is optimized with
standard stochastic gradient descent tools in, e.g., Pytorch.
Intuitively, the goal is to train the network so that the synthetic
images generated from the NeRF match the training images
at the specified camera poses as closely as possible.

While the camera poses are required to find 0; and djj
for each pixel to train the NeRF, a standard pipeline has
emerged that takes images without camera poses, uses a clas-
sical structure-from-motion algorithm (e.g., COLMAP [36]) to
estimate the camera poses, and supervises the NeRF training
with these poses. Recent methods also optimize the camera
poses jointly with the NeRF weights to improve performance
[8].

Hence, in practice a NeRF model can be obtained from only
RGB images (without camera poses). However the quality
and extent of the NeRF is limited by the quality of the
training images, and the volume covered by those images.
Few images, with low resolution, low photographic quality,
and poor coverage will yield a poor-quality NeRF. A large
number of sharp, high-resolution images from a rich diversity
of view points will yield a high-quality NeRF. Our goal is
to accurately quantify collision risk for a robot navigating
through the scene regardless of the quality of the trained NeRF.
With our approach, the same robot pose in the same 3D scene
may have a high collision probability in a poor-quality NeRF,
and a low collision probability in a high-quality NeRF. The
probability of collision is itself an expression of the NeRF
quality in the vicinity of the robot.

IV. NERF DENSITY AS A POISSION POINT PROCESS

In this section, we show that a NeRF density field can
be transformed into the density of a Poisson Point Process
(PPP), and the NeRF color and density fields together give
rise to a “marked” PPP [37], [38]. To do this, we demonstrate
that the NeRF volumetric rendering equation is precisely
the computation that is required to compute expected pixel
color if the color and density under this marked PPP model.
Training the NeRF can be interpreted as fitting the PPP density
parameters through moment matching on the expected pixel
color.

This connection is significant since the PPP derived from
the NeRF density field enables computation of probabilistic
quantities, such as the probability of a given volume being
occupied (e.g., of a robot body colliding with the NeRF), or
the entropy in the NeRF model. This also settles a debate
in the literature about whether the NeRF density can be
probabilistically (it can), and paves the way for practical utility
in other domains beyond safety (e.g., in active sensing and
active view planning). In short, we find that the NeRF density
encodes a probabilistic model of the geometry of the scene,
the uncertainties of which can be rigorously quantified through
an underlying PPP.

A. Poisson Point Processes

Here we review the definition and properties of the Poisson
Point Process (PPP), a stochastic process that models the
distribution of a random collection of points in a continuous
space. Much of this discussion is drawn from [37], to which
we refer the reader for a more detailed and rigorous treatment.

First, we recall that a discrete random variable (RV) N that
takes values in N is said to have a Poisson distribution with

parameter 0 if its probability mass function is given by
M ex
Pr(N=m)= e ) ):
m!

Poisson RVs are often used to model the distribution of the
number of discrete events in a fixed amount of time (e.g.,
customers arriving at a store), or over a fixed region of space
(e.g. the number of rides hailed daily in a given neighborhood).
The PPP naturally extends this concept to the distribution over
the number of points in any subset of a multi-dimensional
Euclidean space.

Definition 1 (Poisson Point Process). Consider a random
process N on R" that maps subsets?> B R" of the state
space to the random number N (B) of points that lie in B.
We say N is a Poisson Point Process (PPP) with intensity

R A R, f:
(i) The number of points N(B) that lie in B is a Poisson

RV with distribution

(B)™ exp(
m!

Pr(N(B) =m) = (B));
R
where (B) = .5 (X)dx.
(if) For k disjoint subsets B1;:::Bx  R", the number of

dent RVs.

This is sometimes refered to as the inhomogeneous PPP
since the intensity is a function of the spatial variable X. If
the intensity is constant over X, this is called the homogeneous
PPP.

The PPP encodes the randomness over both the number and
the location of random points. An important quantity for such
processes is the “void probability,” or the probability that a
given set B is empty. The void probaibility is given by

Pr(N(B) =0) =exp (x) dx : 3)

2The subsets B must be Lebesgue measureable.
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Fig. 2: In the rendering process, the probability that the pixel
color takes on the color of the infintesimally small occluding
slice (green) is given by the probability that all slices in the
region preceding the slice (red) are unoccluded. Then, the
pixel color is the expectation of the color taken by varying
the position of the occluding slice along the ray.

Thus, intuitively, the void probability shrinks as either the
intensity  increases, or the set B grows larger.

It is also important to note that through the Poisson distri-
bution, the expected number of points in the set B is identical
to the integral of the intensity, én other words,

EIN(B)] = . (x) dx: )

When reasoning about collision probability, we want each
point associated with the PPP to have a corresponding volume.
Using the above fact (4), we can consider points or particles
of arbitrary size by weighting the PPP accordingly.

Given some reference particle size Vyef associated with the
initial PPP, a desired particle size Vg, an integration domain
B, and the expected volume occupied by all the particles
E [Viota1], we can retrieve E[Ng(B)], the expected number
of particles of size Vg, by con;ervation of E [Viotai]. Namely,

Vief E[N(B)] = Vrer 5 (X) dx = E [Viotall

= YuE [Na(B)];
g (X)dx
Va=Vrer

Therefore, a PPP with the same expected occupied volume can
be produced using differing particle sizes by simply scaling
the density.

Finally, we note that PPPs may be “marked” or “colored”
with various quantities using a deterministic labeling function
c(x) : R™ ® C. Using the statistics of the underlying PPP,
it is straightforward to compute the statistics of the labels for
the points appearing in a set; see [37, Ch. 5] for a detailed
discussion.

E[Na(B)] = )

B. “Rendering” a Marked PPP

The intensity function of a PPP admits an infinitesimal
interpretation: (X) dX is the probability that a point of the
process lies within an infinitesimal volume dX centered at X.
This is closely related to the interpretation of the density field
offered by the original NeRF authors [1]: “ (X) defines the

infinitesimal probability of a ray terminating at a given point
X 2 R3” In this section, we show the volumetric rendering
procedure introduced in [1] in fact computes an expected color
of a marked PPP along a given ray.

Our key problem is how to relate the ray tracing used in
NeRF, a 1D process, to the 3D measure of occupancy, (X)
in the PPP. We consider the occupancy swept by a frustum
(the pyramid of light that projects onto a single pixel patch).
In particular, when generating the color of a particular pixel
from a marked PPP, we extend a pyramid along the pixel’s ray
(Fig. 2), and return the color of the first point of the process
encountered along the ray in expectation.

More specifically, for each pixel in the image, with as-
sociated ray r(o;d), we consider the frustum (Fig. 2, red)
parameterized by a length t 2 [tn; tg];

FO  ord +xnoryny i W),
.. h
1y %; 2 [tn; 1] (6)

where Ay; Ay are unit vectors orthogonal to d forming a
basis in the image plane and h;w are the height and width of
the frustrum cross-section, respectively, starting from the size
of the pixel (hg;Wp) on the image plane.

However, there still remains a modeling choice: given a
fixed particle size Ve, how many particles must be present in
a given cross-section of the frustum for light to be occluded?
We say the ray is occluded when the combined frontal area
of the particles present at depth t occupies a given fraction

2 (0;1] of the frustum’s cross-section.

Since the frustum’s area A(t) varies with depth, for particles
of a fixed size, the number of particles needed to occlude the
ray would also vary with t. However, as previously discussed,
reweighting a PPP is equivalent to changing the particle size.
Thus, in this work we consider “dimensionless” particles
whose (projected) area on the frustum is exactly A(t) (so
only one particle is needed to occlude the ray) by reweighting
the PPP density accordingly along the ray. Thus, we say the
ray terminates at the depth of the first “dimensionless” particle
encountered along the ray.

C. Equivalence of NeRF and PPP Rendering

This brings us to our main result. Here we show that, under
appropriate assumptions on the distribution of the training rays
and the spatial variation of the NeRF density and color, the
color of a given pixel in an image rendered from a NeRF (1)
is exactly the expected color of the same pixel rendered from
a PPP with (scaled) intensity equal to the NeRF density ,
and marking equal to the NeRF radiance c. We then provide
intuition on the spatial relation between and

Assumption 1 (PPP Smoothness). Consider a Poisson Point
Process (x) and color marking c(x;d). We assume the
average of the PPP density over any ball B , with center x ,
is equal to the value of the PPP density at the center of the
ball, where is the minimum radius ball required to contain
a pixel projected from the near plane onto the far plane of



the NeRF scene. We also assume the color field c(x;d) is
approximately constant over any B . Specifically,
z

(X)dx = (X )Vs (7

B
and

8(x;y) 2B : jjc(x;d) c(y;d)jj=0; ®)
where B is the smallest ball that can contain an image pixel
projected from the near plane onto the far plane of the NeRF

scene.

This assumption states that the variation in the PPP over
a small ball integrates to O, while the color is constant in
that same region.’ These are both mathematical idealizations
which are unlikely to hold exactly in practice. However, we
find empirically that these assumptions are very close to
being satisfied, ultimately yielding well-calibrated collision
probabilities. For example, for a scene with length scale 2
meters, a camera with focal length 50 mm, and a 1000 1000
pixel image, the far plaﬁﬁpixel has side length on the order of
10 3m, requiring = 2 mm. Empirically, this is consistent
with the smallest resolution of detail in a well-trained NeRF
scene of a 2 m3 volume.

Assumption 1 is reasonable due to the loss of information
when encoding the continuous environment into the discretized
observation space of pixelated images. Due to the resolution
of the camera, color is constant across a pixel, hence we do
not have information to distinguish generating environments
whose colors only differ over the length scales of a single
pixel. Since reconstructing the continuous geometry given the
pixel-discretized images is ill-posed, we see this smoothness
requirement as a kind of regularization prior for the density
and color fields.

Moreover, we tolerate stricter assumptions on the color
because, in practice, the radiance field (i.e., color) is also
smoother than the density field. The primary reason is that the
radiance field is defined even in regions of empty space and
is therefore allowed to smoothly change across surfaces; on
the other hand, the density must change more sharply across
surfaces in order to reflect the underlying discrete change in
geometry. This is indeed reflected in the literature, where the
original NeRF work [1] uses a smaller network to model color
and later extensions like [28] replace the network with smooth
low-order spherical harmonics.

Assumption 2 (Ray Redundancy). Given a dataset of training
rays derived from training images, poses, and camera intrin-
sics, no two rays intersect.

This is a weak assumption as ray intersection is a zero-
measure event. Moreover, floating point precision and noise
in the poses further reduces the likelihood of ray intersection.

Given these assumptions, we now state our main result.

Proposition 1 (Rendering of PPP). Consider a PPP (X)
and radiance c(x;d) and let the radiance satisfy (8) from

3Note that we do not require the density assumption for NeRF-PPP
equivalence (Prop. 1, 2). Its use is in extracting an approximate scaling factor
to transform between the density and PPP intensity (Cor. 1).

Assumption 1. Then, the expected color of a pixel rendered
from the PPP matches the form of the rendering equation (1).

Proof. Let us consider a ray r(t) = o+t d; where t 2 [tn; tf].
We consider again the corresponding frustum F(t) (6), the
pyramid created by sweeping the scaled pixel area along r
from t, to t.

As discussed in our rendering model, we consider “di-
mensionless” particles whose projected area is A(t) (so the
ray is occluded by the first particle encountered). Thus, the
intensity/expected number of particles of this slice F(t) for
those of the occluding size (Vg = V (1)) is defined as

z

F@) = Vier (X)

. VE®
_ t =2 Vref (r( ) + th + yhy)
= dxdyd
tpt=2  (y)2A( ) V (D)
Arer t (r(t) + XAy + yhy) dx dy
A(t) t

if the reference particle is some small ball of size Vier =
Aref t

Hence, the void probability of the slice (3) (equivalently,
the probability of no occlusion) is

PrN(E®) =0) =
Arer (r(t) + xny +yny) dxdy
A(t)

dx
x2 F(t)

taw

exp AW

Now we consider the event where any slice of the frustum
is occluded, up to a given depth t. To do this, we divide
the frustum into smaller subsections along its length. Because
the number of particles in disjoint subsets are independent
by definition of the PPP (Def. 1(ii)), then the probability
of occlusion of each section is independent of that of other
sections. Hence, the probability that the frustum up to t is not
occluded requires all sections to not be occluded,

Pr(N( F (1) =0)

t "

#
_Y o AmArer (MO xfc+yhy)dxdy
AN A® )
_ =< AD) Arer (r(t) + xny +ynhy) dxdy .
= exp A(t)

t

In the limit as the section widths t approach zero, they
become slices, and the summation becomes an integral. Thus,
the probability that the frustum up to t is occluded is

P r(F (t) not 0§cluded) 4
27 ) Arer (F( ) + X, +yAy) dxdy ;

t AC)

For notational simplicity, we henceforth denote the surface
integral divided by the scaled area of the slice by ().

Let us now consider a random variable T,,;, which defines
the distance of the first occluding slice (denoted green in Fig.
2). We can define the cumulative distribution function of this

= exp






